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The expressions φ(n)+σ(n)−3n and φ(n)+σ(n)−4n are unusual
among linear combinations of arithmetic functions in that they
each vanish on a nonempty set of composite numbers. In 1966,
Nicol proved that the set A := {n | (φ(n)+σ(n))/n ∈N3} contains
2a · 3 · (2a−2 · 7 − 1) if and only if 2a−2 · 7 − 1 is prime and
conjectured that A contains no odd integers. A 2008 paper by Luca
and Sandor completely classiﬁes the elements of A that have three
distinct prime factors and observes that Nicol’s conjecture holds
for numbers with fewer than six distinct prime factors. In this
paper we let AK denote the set of n ∈A with exactly K distinct
prime factors and present a computer-implementable algorithm
that decides whether Nicol’s conjecture holds for a given AK .
Using this algorithm, we verify Nicol’s conjecture for A6 and
completely classify the elements of A4. We prove that all but
ﬁnitely many n ∈A4 have the form 2a · 3 · p3 · p4, and that all but
ﬁnitely many n ∈A5 are divisible by 6 and not 9. In addition, we
prove that every AK is contained in a ﬁnite union of sequences
that each have the form {pa1i1 · · · pakik · u · wi}∞i=1, where k  1,
p1, . . . , pk are distinct primes, and each a ji as well as the least
prime factor of wi go to inﬁnity as i does.
© 2009 Elsevier Inc. All rights reserved.
E-mail address: harris.kelley@gmail.com.0022-314X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2009.02.003
2094 K. Harris / Journal of Number Theory 129 (2009) 2093–2110.e101. Introduction
C.A. Nicol observed that many equations of the form c1 f1(n) + · · · + ck fk(n) = c, with c, c1,
. . . , ck ∈ Z and f1, . . . , fk arithmetic functions, hold exactly when n is prime [4]. We let n = pa11 · · · pakk ,
with p1 < · · · < pk prime, and recall the well-known arithmetic functions
ω(n) = k;
Ω(n) = a1 + · · · + ak;
μ(n) =
{
0 if max1ik ai  2,
(−1)k otherwise;
φ(n) = #{k ∣∣ 1 k n, (n,k) = 1};
σ(n) =
∑
d|n
d.
For n > 1, the equations φ(n) − μ(n) = n, σ (n) − φ(n) = 2ω(n), and φ(n) + σ(n) = 2ω(n)n hold if
and only if n is prime. In addition, the equation φ(n)+σ(n) = 2n holds if and only if n is 1 or a prime.
However, the closely related equation φ(n) + σ(n) = 3n has a nonempty set of composite solutions.
Nicol proved that φ(n) + σ(n) = 3n whenever n = 2a · 3 · (7 · 2a−2 − 1) with 7 · 2a−2 − 1 a prime, and
also computed that φ(24 · 33 · 5 · 11) + σ(24 · 33 · 5 · 11) = 4 · 24 · 33 · 5 · 11. In light of his ﬁndings, he
conjectured that the set
A :=
{
n ∈ N
∣∣∣ (φ(n) + σ(n))
n
∈ N3
}
contains no odd integers. It is easy to prove that n is a perfect square whenever φ(n) + σ(n) = n for
an odd value of , a fact that interestingly resembles the requirement, ﬁrst discovered by Euler, that
an odd perfect number have the form pa · q2b11 · · ·q2bkk [2].
In [3], Luca and Sandor later proved that there is no n ∈A for which ω(n) = 2, and that there are
only three solutions to the equation φ(n) + σ(n) = 3n that have exactly three distinct prime factors
and do not have the form 2a ·3 ·(7 ·2a−2−1). They also proved that for every integer L  2, A contains
only ﬁnitely many n for which Ω(n) = L, and in the direction of Nicol’s conjecture, that A contains
only ﬁnitely many odd n for which ω(n) = k whenever k 2. Finally, they proved that A is sparse in
that
#A ∩ [1, x] xexp(−2−1/2(1+ o(1))√log x log log x ),
which implies that
∑
n∈A
1
n
< ∞.
Our main result, which is proved in Theorem 3 of Section 2, states that the set AK := {n ∈ A |
ω(n) = K } always resembles A3 in that it is contained in the union of a ﬁnite number of sequences
that each have the form {pa1i1 · · · pakik · u · wi}∞i=1, where p1, . . . , pk are distinct primes, k 1 is chosen
so that k + ω(u) + ω(wi) = K , and each a ji as well as the least prime factor of wi go to inﬁnity as
i does. Corollaries 6 and 7 then provide concise proofs that {n ∈A | Ω(n) = N} and {n ∈AK | 2  n} are
ﬁnite sets, bypassing longer proofs that appear in [3]. In this way, we provide a uniﬁed explanation
for Luca and Sandor’s observations about the general structure of AK and for the structure of A3 as
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conjecture holds for a particular AK .
In Section 3, we use a computer implementation of our classiﬁcation algorithm to prove some
results about speciﬁc AK sets. In particular, we prove that Nicol’s conjecture holds for A5 and A6.
We also ﬁnd that
A4 =
{
2a · 3 · p3 · p4
∣∣∣ p4 = (7 · 2a−2 − 1)p3 + 9 · 2a−2 − 1
p3 − (7 · 2a−2 − 1) with p3, p4 prime
}
∪ {27 · 5 · 11 · 79,23 · 33 · 52 · 11,24 · 33 · 5 · 11,23 · 33 · 53 · 132,22 · 32 · 17 · 241,
22 · 32 · 172 · 2243}.
It is interesting to note that 24 · 33 · 5 · 11, the only element of A4 that was discovered by Nicol, is one
of only six exceptional elements that do not have the form 2a · 3 · p3 · p4.
We compute that A4 contains twenty-one numbers of the form 2a · 3 · p3 · p4 with a < 20, ten of
which satisfy a = 13. In contrast,
A3 =
{
2a · 3 · (7 · 2a−2 − 1) ∣∣ 7 · 2a−2 − 1 is prime}∪ {24 · 5 · 7,22 · 3 · 72,23 · 52 · 7}
contains only six numbers of the form 2a · 3 · (2a−2 · 7− 1) with a < 20. It is not clear whether either
set is inﬁnite. Luca and Sandor’s results show that A3 is inﬁnite if and only if there exist inﬁnitely
many primes of the form 2a · 7− 1 [3], while our results show that A4 is inﬁnite if and only if there
exist inﬁnitely many integers a and primes p3 for which
(7 · 2a−2 − 1)p3 + 9 · 2a−2 − 1
p3 − (7 · 2a−2 − 1)
is also prime. Such results show that the problem of deciding when n divides φ(n) + σ(n) is some-
times equivalent to a problem that resembles, for example, the search for Mersenne primes of the
form 2n − 1. The problem of deciding how many elements of a sequence are prime is a very old one,
and techniques collected in references like [1] may eventually decide whether A is an inﬁnite set.
Conversely, any proof of whether A is inﬁnite can decide whether certain sequences like {2a ·7−1}a∈N
contain inﬁnitely many primes.
Although we have not classiﬁed the elements of A5 completely, we prove in Section 3 that all but
ﬁnitely many of them are ±6 mod 18. We prove in Proposition 9, Section 3, that a3 = a4 = 1 for all
2a1 · 3 · pa33 · pa44 ∈A4, and that a3 = 1 for all but one 2a1 · 3 · pa33 ∈A3. It is this fact that reduces the
search for elements of A3 to a search for prime points on the curve y = 2a · 7− 1. For a ﬁxed a ∈ N,
it also reduces the search for elements of A4 to a search for points on the curve
y = (7 · 2
a−2 − 1)x+ 9 · 2a−2 − 1
x− (7 · 2a−2 − 1)
for which x and y are both prime. In general, the equation φ(2a · 3 · p1 · · · pk) + σ(2a · 3 · p1 · · · pk) =
3 ·2a ·3 · p1 · · · pk is linear in each variable pi ; this implies that for a ﬁxed a ∈ N, there exist k rational
functions Fi(p1, . . . , pi−1, pi+1, . . . , pk) for which the numbers 2a ·3 · p1 · · · pk ∈A are in bijection with
the points on the variety V (F1, . . . , Fk) for which p1, . . . , pk are all prime numbers. We conjecture
that a1 = · · · = am = 1 for all but ﬁnitely many 2a · 3 · pa11 · · · pamm ∈ A, which would generalize our
classiﬁcation of the elements of A4 and imply that the search for all but ﬁnitely many numbers
2a · 3 · p1 · · · pm ∈A reduces to a search for prime points on a certain family of rational curves.
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In this section, we will prove a theorem concerning the structure of AK . Our proof of this theorem
introduces an algorithm that will yield speciﬁc results about A4,A5, and A6 in Section 3. Finally, we
state two corollaries proving that {n ∈ A | Ω(n) = L} and {n ∈ AK | 2  n} are ﬁnite, bypassing longer,
nonconstructive proofs of these facts that appear in [3].
Deﬁnition 1. We deﬁne two related functions L1(n) and L2(u, v) by
L1(n) = φ(n) + σ(n)
n
and
L2(u, v) = φ(uv)
uv
+ σ(u)v
uφ(v)
whenever n,u, and v are positive integers. We will only consider L2(u, v) for u and v coprime and
v squarefree, in which case
L2(u, v) = lim
i→∞ L1
(
uvi
)
.
Deﬁnition 2. Given three integers u, v, and n, we will say that (u, v) covers n if uv | n and u is
coprime to n/u. We will say that (u1, v1) covers (u2, v2) if v2 | v1, u1 | u2, u1v1 | u2v2, and u1 is
coprime to u2/u1.
Note that we have deﬁned L1(n) so that A= {n | L1(n) ∈ N3}, and that (u, v) covers n if and only
if (u, v) covers (n,1). Covering is transitive in that (u, v) covers n whenever (u, v) covers (u′, v ′)
and (u′, v ′) covers n. A pair (u, v) for which u and v are not coprime covers no integer n, while
L1(n) = L2(n,1) for all n ∈ N. We will later prove that all but ﬁnitely elements of A3 ∪A4 are covered
by (3,2), and that a ﬁnite number of pairs (u, v), with L2(u, v) = K , suﬃce to cover all elements
of AK . In addition to this fact, our deﬁnition of L2(u, v) is motivated by the following lemma, which
is instrumental in the proof that {n ∈AK | 2  n} is ﬁnite:
Lemma 1. (See Luca and Sandor [3, Lemma 3.2].) If n ∈ A is odd, then there do not exist integers u  1 and
v > 1 for which (u, v) covers n and L2(u, v) = L1(n).
To determine when L1(n) is an integer, we write n = pa11 · · · paKK , with p1 < p2 < · · · < pK prime,
and recall the standard formulae
φ(n) =
K∏
i=1
pai−1i (pi − 1)
and
σ(n) =
K∏
i=1
pai+1i − 1
pi − 1 .
In particular, these formulae let us write
L1(n) =
K∏ pi − 1
pi
+
K∏ pai+1i − 1
paii (pi − 1)i=1 i=1
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(
pa11 · · · parr , par+1r+1 · · · pass
)= s∏
i=1
pi − 1
pi
+
r∏
i=1
pai+1i − 1
paii (pi − 1)
·
s∏
i=r+1
pi
pi − 1 .
Since L2(p
a1
1 · · · parr , par+1r+1 · · · pass ) does not depend on any of the exponents ar+1, . . . ,as , we can as-
sume without loss of generality that v is squarefree when computing L2(u, v). We now prove a
lemma that will provide useful upper and lower bounds for L1(n) and L2(u, v).
Lemma 2. If p1, . . . , pk,q1, . . . ,qk ∈ R satisfy pi  qi > 1, and a1, . . . ,ak,b1, . . . ,bk ∈ R satisfy 1 ai  bi,
then
k∏
i=1
pi − 1
pi
+
k∏
i=1
pai+1i − 1
paii (pi − 1)

k∏
i=1
qi − 1
qi
+
k∏
i=1
qbi+1i − 1
qbii (qi − 1)
. (1)
If we suppose that the {p1, . . . , pk} and {q1, . . . ,qk} are sets of primes with the pi distinct and the qi distinct
and all ai,bi ∈ Z, then (1) becomes
L1
(
pa11 · · · pakk
)
 L1
(
qb11 · · ·qbkk
)
.
Given m, r < k, the following inequality can be obtained from (1) by letting one or more parameters go to
inﬁnity:
m∏
i=1
qi − 1
qi
+
m∏
i=1
qbi+1i − 1
qbii (qi − 1)
<
k∏
i=1
qi − 1
qi
+
k∏
i=1
qbi+1i − 1
qbii (qi − 1)
<
k∏
i=1
qi − 1
qi
+
r∏
i=1
qbi+1i − 1
qbii (qi − 1)
·
k∏
i=r+1
qi
qi − 1 ; (2)
when the qi are primes and the bi are integers, this reduces to
L1
(
qb11 · · ·qbmm
)
< L1
(
qb11 · · ·qbkk
)
< L2
(
qb11 · · ·qbrr ,qr+1 · · ·qk
)
.
Proof. For ﬁxed p1, . . . , pi−1, pi+1, . . . , pk,a1, . . . ,ak ∈ R, let
f i(p,a) = Ai · p − 1
p
+ Bi · p
a+1 − 1
pa(p − 1) ,
with
Ai = p1 − 1
p1
· · · pi−1 − 1
pi
· pi+1 − 1
pi+1
· · · pk − 1
pk
and
Bi = p
a1+1
1 − 1
pa1 (p1 − 1)
· · · p
ai−1+1
i−1 − 1
p
ai−1 (pi−1 − 1)
· p
ai+1+1
i+1 − 1
p
ai+1 (pi+1 − 1)
· · · p
ak+1
k − 1
pak (pk − 1)
.1 i−1 i+1 k
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and increasing each ai to bi . Therefore, it suﬃces to show that ∂ f i/∂p  0 and ∂ f i/∂a 0. Using the
expansion p
a+1−1
pa(p−1) =
∑a
i=0 p−i and the fact that 0 < Ai  1 and Bi  1, we can verify these inequali-
ties:
∂ f i
∂p
= Ai
p2
− Bi
(
1
p2
+ 2
p3
+ · · · + a
pa+1
)
 0;
∂ f i
∂a
= Bi log p
pa(p − 1)  0.
We also observe that
lim
a→∞
pa+1 − 1
pa(p − 1) = lima→∞
a∑
i=0
p−i = p
p − 1 ,
which makes it straightforward to prove (2). To prove the leftmost inequality, we note that
k∏
i=1
qi − 1
qi
+
k∏
i=1
qbi+1i − 1
qbii (qi − 1)
 lim
qm+1,...,qk→∞
k∏
i=1
qi − 1
qi
+
k∏
i=1
qbi+1i − 1
qbii (qi − 1)
=
k∏
i=1
qi − 1
qi
+
m∏
i=1
qbi+1i − 1
qbii (qi − 1)
.
For the rightmost inequality in (2), we have
k∏
i=1
qi − 1
qi
+
k∏
i=1
qbi+1i − 1
qbii (qi − 1)
 lim
br+1,...,bk→∞
(
k∏
i=1
qi − 1
qi
+
k∏
i=1
qbi+1i − 1
qbii (qi − 1)
)
=
k∏
i=1
qi − 1
qi
+
r∏
i=1
qbi+1i − 1
qbii (qi − 1)
·
k∏
i=r+1
qi − 1
qi
= φ(q
b1
1 · · ·qbrr · qr+1 · · ·qk)
qb11 · · ·qbrr · qr+1 · · ·qk
+ σ(q
b1
1 · · ·qbrr )qr+1 · · ·qk
qb11 · · ·qbrr φ(qr+1 · · ·qk)
= L2(qb11 · · ·qbrr ,qr+1 · · ·qk). 
Letting (u, v) be an ordered pair for which u is coprime to v and L2(u, v) =  ∈ N3, we can
see from Lemma 2 that {L1(vau)}a∈N is a sequence of real numbers approaching  from below. If
we ﬁx a, K ∈ N and let {p1 j · · · pK j} j∈N be a sequence of numbers for which the pij are primes and
lim j→∞ pij = ∞, then Lemma 2 also tells us that {L1(vaup1i · · · pK i)}i∈N is a sequence of numbers
approaching  from above. Since L1(vau) < , there might exist w ∈ N for which L1(vauw) = , which
suggests that if L2(u, v) = , then (u, v) might cover inﬁnitely many elements of the set
AK , =
{
n ∈AK
∣∣ L1(n) = }.
In this way, every element of A3 ⊂ {560,588,1400}∪{2a ·3 ·(2a−2 ·7−1)}a∈N is covered by an element
of the set {(3,2), (560,1), (1400,1)}. We can prove in general that there exists a ﬁnite set of ordered
pairs {(u, v)} that together cover all elements of AK :
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which the following three properties hold:
(i) For every (ui, vi) ∈ TK , L2(ui, vi) ∈ N3 .
(ii) Every n ∈AK is covered by some (ui, vi) ∈ TK .
(iii) For all but ﬁnitely many n ∈AK , there exists an element of
T ′K =
{
(u, v) ∈ TK
∣∣ v > 1}
that covers n.
If we let P1 = 2, . . . , PK be the ﬁrst K primes, and let
max =
⌈
φ(P1 · · · PK )
P1 · · · PK +
P1 · · · PK
φ(P1 · · · PK )
⌉
− 1,
then Lemma 2 tells us that L1(n) max for all n ∈AK . Therefore,
AK =
⋃
3max
AK ,,
meaning that it suﬃces to prove that Theorem 3 is true for a set TK , that satisﬁes hypotheses (i)–(iii)
when we replace AK with AK , .
We have already seen that Theorem 3 holds for A3, and that we can let T ′3 = {(3,2)}. We will
later see that we can let T ′4 = T ′5 = {(3,2)} as well. Before proving the theorem in general, we must
prove two more lemmas.
Lemma 4. If L2(u, v) < , then we can construct a ﬁnite set of primes Q := {q1, . . . ,qm} for which every
n ∈AK , that is covered by (u, v) is also covered by some element of the set {(u, vq1), . . . , (u, vqm)}.
Proof. Given n ∈AK , covered by (u, v), let w = pa11 · · · pamm be the largest divisor of n that is coprime
to uv . Since ω(n) = K , m K . Furthermore, since
lim
p→∞
(
φ(uv)(p − 1)K
uvpK
+ σ(u)vp
K
uφ(v)(p − 1)K
)
= L2(u, v) < ,
there exists p0 for which
φ(uv)(p − 1)K
uvpK
+ σ(u)vp
K
uφ(v)(p − 1)K < 
whenever p  p0. If pi  p0 for every i, then Lemma 2 tells us that
φ(n) + σ(n)
n
<
φ(uvw)
uvw
+ σ(u)vw
uφ(vw)
= φ(uv)(p1 − 1) · · · (pm − 1)
uv · p1 · · · pm +
σ(u)v · p1 · · · pm
uφ(v)(p1 − 1) · · · (pm − 1) < ,
contradicting the assumption that n ∈ AK , . Therefore, we can let Q = {q1, . . . ,qm} be the set of
primes less than p0 that do not divide uv and observe that some qi divides w , so that (u, vqi)
covers n. 
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for which every n ∈AK , that is covered by (u, v) is also covered by some element of the set
T = {(up ji , v/pi) ∣∣ 1 j < A, 1 i m}.
Proof. By our hypothesis, we know that n = u · pa11 · · · pamm · w for some a1, . . . ,am ∈ N and some w
for which (uv,w) = 1. Since
 <
φ(uv)
uv
+ σ(u)v
uφ(v)
= lim
a→∞
(
φ(uva)
uva
+ σ(uv
a)
uva
)
,
we know there exists A > 0 for which
φ(uva)
uva
+ σ(uv
a)
uva
> 
whenever a A. Therefore, if ai  A for all i, Lemma 2 implies that
φ(u · pa11 · · · pamm )
u · pa11 · · · pamm
+ σ(u · p
a1
1 · · · pamm )
u · pa11 · · · pamm
> ,
which contradicts the fact that L1(n) = . Thus, there exists i ∈ {1, . . . ,k} for which ai < A, and so
there exists a positive integer j < A for which (up ji , v/pi) covers n. 
Proof of Theorem 3. Since (1,1) covers every integer, the set T0 = {(1,1)} satisﬁes condition 3(ii).
We present a procedure that transforms a ﬁnite set Ti satisfying 3(ii) into a ﬁnite set Ti+1 that also
satisﬁes 3(ii). Once we show that T2K+1 satisﬁes 3(i), 3(ii), and 3(iii), the theorem will be proven.
We will transform Ti into Ti+1 by replacing every (u, v) ∈ Ti for which L2(u, v) 	=  with new pairs
and then discarding all newly-produced pairs that cannot cover any elements of AK , . By Lemma 4,
we can replace any (u, v) satisfying L2(u, v) <  with a ﬁnite number of pairs (u1, v1), . . . , (um, vm)
for which ω(ui) = ω(u) and ω(ui vi) = ω(uv) + 1. After doing so, we can discard any (u, v) for
which ω(uv) > K ; since ω(n)  ω(uv) whenever (u, v) covers n, no such pair can cover an ele-
ment of AK , . Similarly, we can use Lemma 5 to replace any (u, v) satisfying L2(u, v) >  with pairs
(u1, v1), . . . , (um, vm) for which ω(ui vi) = ω(uv) and ω(vi) = ω(v) − 1.
Given (u, v) ∈ Ti for which L2(u, v) 	= , it is easy to see that ω(uv)  
i/2. From this, we
conclude that every (u, v) ∈ T2K+1 satisﬁes either L2(u, v) =  or ω(uv)  K + 1. However, our
replacement procedure discards all pairs (u, v) for which ω(uv) K +1; we conclude that T2K+1 sat-
isﬁes condition 3(i). To verify condition 3(iii), we note that L1(n) > L1(u,1) whenever (u,1) covers n
and n 	= u. Therefore, each (u,1) ∈ T2K+1 covers exactly one element of AK ,; we can let TK , = T2K+1
and observe that T ′K , covers all but ﬁnitely many n ∈AK , . 
Two results of Luca and Sandor follow as easy corollaries of Theorem 3.
Corollary 6. (See [3, Proposition 1].) Let n = ∏ω(n)i=1 paii and recall that Ω(n) = ∑ω(n)i=1 ai . Then, given any
integer N  2, there are only ﬁnitely many n ∈A for which Ω(n) = N.
Proof. Let T =⋃tK Ti . Since ω(n)Ω(n), Theorem 3 implies that for all but ﬁnitely many n ∈A for
which Ω(n) = N , there exists (u, v) ∈ T that covers n. By deﬁnition, no exponent ai can exceed Ω(n),
which implies that {(up ji , v/pi) | (u, v) ∈ T , pi | v, j < K } covers all n ∈ A for which Ω(n)  N . It
follows that we can replace (u, v) ∈ T with the pairs (up, v/p), . . . , (upK−1, v/p) whenever there
exists a prime p | v . By using this replacement strategy together with Lemma 4 and by deleting (u, v)
whenever Ω(uv) > N , we can reduce T to a ﬁnite set T ′ of pairs (u,1) for which Ω(u) = N and the
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ﬁnitely many n ∈A for which Ω(n) = N . Therefore, since T ′ is a ﬁnite set, {n ∈A | Ω(n) = N} is ﬁnite
as well. 
The following theorem of Luca and Sandor still requires a lemma from [3], but is intimately related
to Theorem 3 and can now be proved very quickly.
Corollary 7. (See [3, Proposition 3].) Given any integer K  2, there are only ﬁnitely many odd n ∈AK .
Proof. By Lemma 1, every n ∈AK , that is covered by some (u, v) ∈ T ′K , is even. Therefore, AK , con-
tains only ﬁnitely many odd integers. Thus, since AK is the union of ﬁnitely many AK , , it also
contains only ﬁnitely many odd integers. 
Lemma 1 also tells us that if n ∈AK is odd, then TK contains (n,1). Therefore, to decide whether
Nicol’s conjecture holds for AK , it suﬃces to compute TK . By implementing our algorithm as a Sage
program, we have veriﬁed that A5 and A6 contain no odd elements. In addition, we calculated T4 in
its entirety, as will be described in the next section.
3. Computational applications of the classiﬁcation theorem
Although the complexity of our Sage algorithm prevented us from computing T5 exactly, the pro-
gram was eﬃcient enough to compute T4. In particular, since
φ(2 · 3 · 5 · 7)
2 · 3 · 5 · 7 +
2 · 3 · 5 · 7
φ(2 · 3 · 5 · 7) < 4.61,
we know that T4 = T4,3∪ T4,4. To illustrate the algorithm more concretely than was done in Section 2,
we will begin an explicit computation of T4,4 by hand. If we suppose that n ∈ A4,4 and all prime
factors of n are greater than 2, then Lemma 2 tells us that
φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 2
3
· 4
5
· 6
7
· 10
11
+ 3
2
· 5
4
· 7
6
· 11
10
< 2.83,
which is a contradiction. Therefore, as promised by Lemma 4 with Q = {2}, n is covered by (1,2).
Moreover, if n is not also divisible by 3, then
φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 1
2
· 4
5
· 6
7
· 10
11
+ 2 · 5
4
· 7
6
· 11
10
< 3.53,
which implies that n is covered by (1,2 · 3). If both remaining prime factors are greater than 7, we
now have
φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 10
11
· 12
13
+ 2 · 3
2
· 11
10
· 13
12
< 3.86,
which implies that n is covered by an element of the set {(1,2 · 3 · 5), (1,2 · 3 · 7)}. If n is covered by
(1,2 · 3 · 7) and is divisible by a prime greater than 13, then
φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 6
7
· 16
17
+ 2 · 3
2
· 7
6
· 17
16
< 3.99,
meaning that every n ∈A4 is covered by an element of {(1,2 · 3 · 5), (1,2 · 3 · 7 · 11), (1,2 · 3 · 7 · 13)}.
However, if n is covered by (1,2 ·3 ·7 ·11) and each of its prime powers appears raised to an exponent
of at least 5, then
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n
+ σ(n)
n
 φ(2
5 · 35 · 75 · 115)
25 · 35 · 75 · 115 +
σ(25 · 35 · 75 · 115)
25 · 35 · 75 · 115 > 4.04,
which implies that every n ∈A4 is covered by an element of the set {(1,2 ·3 ·5), (1,2 ·3 ·7 ·13), (2,3 ·
7 · 11), (22,3 · 7 · 11), (23,3 · 7 · 11), (24,3 · 7 · 11), (3,2 · 5 · 11), (32,2 · 5 · 11), (33,2 · 5 · 11), (34,2 ·
5 · 11), (5,2 · 3 · 11), (52,2 · 3 · 11), (53,2 · 3 · 11), (54,2 · 3 · 11), (11,2 · 3 · 7), (112,2 · 3 · 7), (113,2 ·
3 · 7), (114,2 · 3 · 7)}.
Continuing to reﬁne our set in this manner and repeating for the case of A4,3, we eventually ﬁnd
that every (u, v) for which ω(uv) 4 and L2(u, v) = 4 is covered by some element of the set
S4,4 =
{(
23 · 33 · 52 · 11,1), (23 · 33 · 53 · 132,1), (24 · 33 · 5 · 11,1), (32 · 5 · 132,2)},
while every (u, v) for which ω(uv) 4 and L2(u, v) = 3 is covered by some element of the set
S4,3 =
{
(2 · 5 · 73,3), (22 · 3 · 72,1), (22 · 32 · 17 · 241,1), (22 · 32 · 172 · 2243,1), (22 · 59 · 829,3),(
22 · 61 · 571,3), (22 · 67 · 313,3), (22 · 73 · 227,3), (3,2), (23 · 5 · 71,7), (23 · 52 · 7,1),(
24 · 5 · 7,1), (27 · 5 · 11 · 79,1)}.
For a more complete explicit computation of this set, see Appendix A to our paper that is published
online.
By construction, we can let T4,4 = S4,4 and T4,3 = S4,3 and observe that Theorem 3 holds. How-
ever, it is generally true that the sets SK , produced by our algorithm, which have the property
that SK , covers all pairs (u, v) for which L2(u, v) =  and ω(uv)  K , are larger than the smallest
sets TK , that satisfy Theorem 3. In particular, we can prove that many elements of
S ′4 = (S4,3 ∪ S4,4) ∩
{
(u, v)
∣∣ v > 1}
cover no n ∈ A4.
If n is covered by (32 · 5 · 132,2) ∈ S4,4, then Lemma 2 tells us that
L1(n) L1
(
2 · 32 · 5 · 132)> 3.06.
Therefore, (32 ·5 ·132,2) covers no n ∈AK ,3 for any K . In addition, whenever (u, v) covers n, ω(uv) =
ω(n), and v > 1, Lemma 2 tells us that L1(n) < L2(u, v). Therefore, no (u, v) ∈ S ′4 for which ω(uv) = 4
and L2(u, v) = 3 can cover an element of A4. We conclude that (3,2) is the only element of S ′4 that
can cover an element of A4, meaning that Theorem 3 holds when we let T ′4 = {(3,2)}. We can prove,
in addition, that it holds when we let T ′5 = {(3,2)}:
Proposition 8. All but ﬁnitely many n ∈A5 are covered by (3,2).
Proof. We can verify by Lemma 2 that L2(u, v) ∈ {3,4} for every (u, v) ∈ T ′5 . Since T ′5 can be con-
structed such that each of its elements (u, v) satisﬁes ω(uv)  4, every element of T ′5,3 can be
covered by an element of S4,3. Similarly, every element of T ′5,4 can be covered by an element of S4,4.
Therefore, we can prove our proposition by showing that no (u, v) ∈ S ′4 \ {(3,2)} covers an element
of A5. We have already observed that (32 ·5 ·132,2) covers no element of A5,3 and will prove the rest
of the proposition in two sections, ﬁrst showing that no element of S ′4 \ {(3,2)} covers an element
of A5,4 and then showing that no element of S ′4 \ {(3,2)} covers an element of A5,3.
Proof that no element ofS ′4\{(3,2)} covers an element ofA5,4. Suppose for the sake of contradiction
that n ∈A5,4 is covered by some (u, v) ∈ S ′4 \ {(3,2)}. Since (32 · 5 · 132,2) is the only pair common
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some prime p  2 · 32 · 5 · 132 and some a,b ∈ N. We will show that A contains no numbers of this
form, separately considering the cases b = 1 and b > 1.
Case 1. If we suppose that b = 1 so that 2a · 32 · 5 · 132 · p ∈A for some prime p  2 · 32 · 5 · 132, then
by deﬁnition,
4 · 2a · 32 · 5 · 132 · p = φ(2a · 32 · 5 · 132)(p − 1) + σ (2a · 32 · 5 · 132)(p + 1),
which implies that p = 114/61 · 2a − 1. Since 114/61 · 2a − 1 /∈ N, we get a contradiction.
To treat the next case, we will slightly abuse our notation for L1(n) and L2(u, v). Speciﬁcally, we
will sometimes write n = ra11 · · · ramm for real numbers ri that are not integers, and then substitute them
into the product formulae for φ(n) and σ(n) as if they were the prime factors of an integer.
Case 2. Suppose now that b > 1. For the entirety of this section, we will ﬁx a and let rb be the real
number for which L1(2a ·32 ·5 ·132 · rbb) = 4, and similarly deﬁne r∞ so that L2(2a ·32 ·5 ·132, r∞) = 4.
By Lemma 2, L1(2a · 32 · 5 · 132 · pb) increases monotonically with b and decreases monotonically
with p; in addition, we know that L1(2a · 32 · 5 · 132 · pb) < L2(2a · 32 · 5 · 132, p) for every b ∈ N.
Therefore, if s < t , we know that rs < rt < r∞ . To prove that A contains no number of the form
2a · 32 · 5 · 132 · pb with b > 1, it thus suﬃces to prove that the interval [r2, r∞) contains no integers.
To calculate r2, we can solve the equation
4 · 2a · 32 · 5 · 132 · r22 = φ
(
2a · 32 · 5 · 132) · r2(r2 − 1) + σ (2a · 32 · 5 · 132)(r22 + r2, + 1)
to obtain
r2 = −61+ 57 · 2
a+1 + √3249 · 22a+2 + 3965 · 2a+2 − 11163
122
.
Similarly, we calculate r∞ by solving the equation L2(2a · 32 · 5 · 132, r∞) = 4. Using the fact that√
1+ x < 1+ x/2 whenever 0 < x < 1, we compute that
r∞ = 57 · 2
a+1 + 2√572 · 22a + 61 · 2a+3
122
<
114
61
· 2a + 8
57
=: R∞.
We recall that if 2a · 32 · 5 · 132 · pb ∈ N and L1(2a · 32 · 5 · 132 · pb) = 4, then p ∈ [r2, r∞) ⊂ [r2, R∞).
We will show that no such integer exists by showing that the interval [r2, R∞) contains no integers.
If we suppose for the sake of contradiction that [r2, R∞) contains an integer, then since R∞ =
114/61 · 2a + 8/57 is a rational number with denominator 3477, this would imply that
114
61
· 2a + 8
57
−
(−61+ 57 · 2a+1 + √3249 · 22a+2 + 3965 · 2a+2 − 11163
122
)
 1
3477
,
which implies that
2a  8228593
3158028
< 2.61.
Since this is false for all a > 1, we get a contradiction, and so the length of the interval [r2, r∞) is less
than 1/3477. When a = 1, we explicitly compute that [r2, r∞) ⊂ [3.5765,3.8067). Therefore, none of
the numbers ri are integers, which implies that (32 ·5 ·132,2) covers no elements of A5. We conclude
that no element of T ′4 covers an element of A5,4.
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some (u, v) ∈ S4. Once again, we will separate the case b = 1 from the case b > 1.
Case 1. If b = 1, so that va · u · p ∈A5,3, then p is a prime for which
3 · va · u · p = φ(va · u)(p − 1) + σ (va · u)(p + 1).
When we solve for p, we get
p = va · vσ(u) − (v − 1)
2φ(u)
σ (u)
− 1.
It is easy to check that this is never an integer when (u, v) ∈ S , and so we have a contradiction.
Case 2. To derive a contradiction when b > 1, we will ﬁx a ∈ N and (u, v) ∈ T ′4 \{(32 ·5 ·132,2)}, deﬁne
rb, r∞, and R∞ as in the b > 1 section of the A5,4 case, and show that the interval [r2, r∞) ⊂ [r2, R∞)
contains no integers. We solve the equation
3 · va · u · r22 = φ
(
va · u) · r2 · (r2 − 1) + σ (va · u) · (r22 + r2 + 1)
to conclude that
r2 = φ(uv
a) − σ(uva) +√12uvaφ(uva) + φ(uv)2 + 12uvaσ(uva) − 6φ(uva)σ (uva) − 3σ(uva)2
2(φ(uva) + σ(uva)) .
Similarly, we solve the equation
L2
(
va · u, r∞
)= φ(va · u) · (r∞ − 1)
va · u · r∞ +
σ(va · u) · r∞
va · u · (r∞ − 1) = 3
and use the fact that
√
1+ x < 1+ x/2 whenever 0 < x < 1 to conclude that
r∞ = 3uv
a − 2φ(uva) +√(3uva)2 − 4φ(uva)σ (uva)
2(3uva − φ(uva) − σ(uva))
<
3uva(3uva − φ(uva)) − 4φ(uva)σ (uva)
3uva(3uva − φ(uva) − σ(uva)) =: R∞.
If va ·u · pb ∈A for some b 2, then since L1(va ·u · pb) increases monotonically in b and decreases
monotonically in p by Lemma 2, we must have r2  p < r∞ < R∞ . Since R∞ is a rational number
with denominator 3uva(3uva − φ(uva) − σ(uva)), this implies that
R∞ − r2  1a a a a .3uv (3uv − φ(uv ) − σ(uv ))
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3uva(3uva − φ(uva)) − 4φ(uva)σ (uva)
3uva(3uva − φ(uva) − σ(uva)) −
φ(uva) − σ(uva)
2(φ(uva) + σ(uva))
+
√
12uvaφ(uva) + φ(uv)2 + 12uvaσ(uva) − 6φ(uva)σ (uva) − 3σ(uva)2
2(φ(uva) + σ(uva))
<
1
3uva(3uva − φ(uva) − σ(uva)) .
When we isolate the radical and expand both sides of this inequality, we get an inequality of the
form P (uva, φ(uva),σ (uva)) 0, where P (uva, φ(uva),σ (uva)) is a polynomial in uva , φ(uva), and
σ(uva) that is decreasing in both φ(uva) and σ(uva). In addition, for all (u, v) ∈ T ′4 ∩ T4,3 and all
a ∈ N, we can verify empirically that φ(uva) > 0.22uva and σ(uva) > 1.82uva . When we substitute
0.22uva for φ(uva) and 1.82uva for σ(uva) into the inequality P (uva, φ(uva),σ (uva)) 0, we get
−626.058(uva)6 + 261.941(uva)4 − 16.6464(uva)2  0,
which is false whenever uva  1. Therefore, the inequality P (uva, φ(uva),σ (uva))  0 is also false
whenever uva  1, and so we have a contradiction. We conclude that for a ﬁxed (u, v) ∈ T ′4 ∩ S3,[r2, R∞) contains no integers. Therefore, no element of S covers an element of A5,3.
Since all but ﬁnitely many elements of A5 are covered by the elements of T ′4 ∪ {(3,2)}, and no
element of T ′4 covers an element of A5, it follows that (3,2) covers all but ﬁnitely many elements
of A5. 
The technique used to prove Proposition 8 can also be used to classify the n ∈AK that are covered
by a given (u, v) ∈ TK . We will demonstrate by completing our classiﬁcation of all n ∈A4:
Proposition 9. Every n ∈A4 that is covered by (3,2) has the form 2a1 · 3 · p3 · p4 for some a1 ∈ N and some
primes p3, p4 .
We know by the results of our computer program that all but six elements of A4 are covered by
(3,2). Theorem 3 gives us no strategy for classifying all elements of A4 that have the form 2a1 · 3 ·
pa33 · pa44 , but we will see that it is straightforward to ﬁnd all elements of A4 that have the form 2a1 ·
3 · p3 · p4. For this reason, Proposition 9 closes the gap that exists between ﬁnding T4 and completely
describing A4.
Given a ﬁxed a1 ∈ N, it is easy to ﬁnd all prime pairs p3, p4 for which 2a1 · 3 · p3 · p4 is an element
of A, because
φ
(
2a1 · 3 · p3 · p4
)+ σ (2a1 · 3 · p3 · p4)= 3 · 2a1 · 3 · p3 · p4
is linear in each of p3 and p4. This bilinearity allows us to solve for p3 in terms of p4 to obtain the
rectangular hyperbola
p4 = (7 · 2
a1−2 − 1)p3 + 9 · 2a1−2 − 1
p3 − 7 · 2a1−2 + 1 .
Points on the hyperbola for which p3 and p4 are both primes correspond bijectively, modulo reﬂection
across the line p3 = p4, with elements 2a1 ·3 · p3 · p4 ∈A. Moreover, since this hyperbola has horizontal
and vertical asymptotes p3 = 7 · 2a1−2 − 1 and p4 = 7 · 2a1−2 − 1, all points on it where p3 and p4
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lower bound on p3 translates to the upper bound
p4 <
(7 · 2a1−2 − 1) · 7 · 2a1−2 + 9 · 2a1−2 − 1
7 · 2a1−2 − 7 · 2a1−2 + 1 ,
it is easy to ﬁnd all prime pairs (p3, p4) that lie on this hyperbola for a ﬁxed value of a1. In this way,
we veriﬁed that the only a1 < 20 for which there are no solutions at all are 1,3,7,14, and 16, and
found that the other a1 values less than 20 each contributed up to 10 elements of A4.
Proof of Proposition 9. We have used a computer search to verify that A4 contains no numbers of
the form 2 · 3 · pa33 · pa44 . Therefore, we will assume that a1  2 for the remainder of this section. To
show that a3 = a4 = 1 whenever 2a1 · 3 · pa33 · pa44 ∈A, we will proceed by contradiction. We make no
assumption that p3 < p4, so that we can assume without loss of generality that a4  2. We will begin
by ﬁxing a1 and p3 and deﬁning rs,t to be the real number for which
1
2
· 2
3
· p3 − 1
p3
· rs,t − 1
rs,t
+ (2− 2−a1) · 4
3
· p
t+1
3 − 1
pt3(p3 − 1)
· r
s+1
s,t − 1
rss,t(rs,t − 1)
= 3,
such that 2a1 · 3 · pt3rss,t ∈ A whenever rs,t happens to be a prime integer. We also deﬁne rs,∞, r∞,t,
and r∞,∞ such that
1
2
· 2
3
· p3 − 1
p3
· rs,∞ − 1
rs,∞
+ (2− 2−a1) · 4
3
· p3
p3 − 1 ·
rs+1s,∞ − 1
rss,∞(rs,∞ − 1) = 3,
1
2
· 2
3
· p3 − 1
p3
· r∞,t − 1
r∞,t
+ (2− 2−a1) · 4
3
· p
t+1
3 − 1
pt3(p3 − 1)
· r∞,t − 1
r∞,t
= 3,
and
1
2
· 2
3
· p3 − 1
p3
· r∞,∞ − 1
r∞,∞
+ (2− 2−a1) · 4
3
· p3
p3 − 1 ·
r∞,∞
r∞,∞ − 1 = 3.
By Lemma 2, we know that rs,t < rs+1,t < r∞,t < r∞,∞ and rs,t < rs,t+1 < r∞,t ,< r∞,∞ for all
s, t ∈ N. Similarly, if we assume that 2a1 · 3 · pa33 · pa44 ∈ A, a4  s, and a3  t , then by construction,
rs,t  p4 < r∞,∞ .
It will be convenient to solve these equations for r1,a3 and r2,a3 using the notation
C1 := 1
2
· 2
3
· p3 − 1
p3
and
C2 :=
(
2− 2−a1) · 4
3
· p
a3+1
3 − 1
pa33 (p3 − 1)
.
In terms of C1 and C2, we ﬁnd that
r1,a3 =
C2 − C1 (3)l − C1 − C2
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r2,a3 =
−C1 + C2 +
√
C21 − 6C1C2 − 3C22 + 4lC2
2(l − C1 − C2) . (4)
Note that 0 < l − C1 − C2  1. When we compute r∞,a3 in terms of C1 and C2, we also use the
inequality
√
1+ x < 1+ x/2 to ﬁnd a rational upper bound for r∞,a3 . We will call this bound R∞,a3 ,
and deﬁne it such that
r∞,a3 =
l − 2C1 +
√
l2 − 4C1C2
2(l − C1 − C2) =
l − 2C1 +
√
(C2 − C1)2 + 2(C2 + C1)(l − C1 − C2) + (l − C1 − C2)2
2(l − C1 − C2)
<
l2 − 3lC1 + 3C21 − C1C2
(l − C1 − C2)(l − 2C1) = R∞,a3 . (5)
Since
r∞,∞ = lim
s→∞ rs,∞ = lims,t→∞ rs,t,
we can also use the formulae to compute r1,∞, r2,∞, r∞,∞, and R∞,∞ . To use our new notation for
this purpose, we observe that C1 does not depend on a3, whereas
lim
a3→∞
C2 = lim
a3→∞
(
2− 2−a1) · 4(pa3+13 − 1)
3pa33 (p3 − 1)
= 8p3
3(p3 − 1) .
Since 2a1 · 3 · pa33 · pa44 ∈ A and a4  2 by assumption, we can see that p4 ∈ [r2,a3 , r∞,a3 ) ⊂[r2,a3 , R∞,a3 ). We will get a contradiction by showing ﬁrst that
⋃
a32[r2,a3 , R∞,a3 ) ⊂ [r2,2, R∞,∞)
contains no integers, and second that [r2,1, R∞,1) contains no integers.
Lemma 10. [r2,2, R∞,∞) contains no integers.
Proof. First, we compute that
R∞,∞ = (p
2
3 + 2a1−2(3+ 7p3(3+ 7p3)))(p3 − 1)
(p23 − 2a1−2(7p3 + 1))(7p3 + 2)
and
r2,2 = 2
a1 (7p23 + 9p3 + 8) − 4(p23 + p3 + 1)
8(p23 + p3 + 1) − 2a1+1(7p3 + 8) + 2a1 (8+ p3(3p3 + 7))
+
2a1 p23
√
24(p23 + p3 + 1)(−2(p23 + p3 + 1) + 4a1 (−192+ 7p3(−48+ p3(−41+ 7(−2+ p3)p3))))
8(p23 + p3 + 1) − 2a1+1(7p3 + 8) + 2a1 (8+ p3(3p3 + 7))
.
Since R∞,∞ is a rational number with denominator at most (p23−2a1−2(7p3+1))(7p3+2), the dis-
tance from R∞,∞ to the nearest integer distinct from it is at least 1/((p23 −2a1−2(7p3 +1))(7p3 +2)).
Thus, if [r2,2, R∞,∞) contains an integer, it must be true that
R∞,∞ − r2,2  1
(7p + 2)(p2 − 7 · 2a1−2p − 2a1−2) .3 3 3
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radical. When we square both sides, we obtain an inequality that is false when p3 > 7 · 2a1−2. The
inequality is quite long, but is easy to reconstruct and check, and is omitted for simplicity.
We compute that 345744 · 22a1 p123 − 1210104 · 23a1 p113 + 1058841 · 24a1 p103 > 0 whenever p3 >
1.75 · 2a1 . But whenever 2a1 · 3 · pa33 pa44 ∈A, Lemma 2 implies that
1
2
· 2
3
· p3 − 1
p3
+ 2
a1+1 − 1
2a1
· 4
3
· p3 + 1
p3
< 3.
By rearranging this inequality, we can conclude that
p3 > 7 · 2a1−2 − 1;
since p3 is an odd prime, this implies that
p3  7 · 2a1−2 + 1.
Thus, we have a contradiction, and so there are no integers in [r2,2, R∞,∞). 
Lemma 11. [r2,1, R∞,1) contains no integers.
Proof. For this case, we make use of the fact that
R∞,a3 − r1,a3 =
C1
l − 2C1 + 1=
8
7
− 9
49p3 + 14 . (6)
If we assume that there exists an integer m ∈ [r2,1, R∞,1), then we can rearrange Eq. (5) to write
r1,1 =m + (R∞,1 −m) + 9
49p3 + 14 −
8
7
. (7)
In particular, this implies that the distance from r1,1 to m − 8/7 is at most
R∞,1 − r2,1 + 9
49p3 + 14 −
8
7
.
However, we can also use Eq. (3) to compute that
r1,1 = 7 · 2
a1 p3 + 9 · 2a1 − 4p3 − 4
4p3 − 7 · 2a1 + 4 =
7 · 2a1−3p3 + 9 · 2a1−3 − (p3 + 1)/2
(p3 + 1)/2− 7 · 2a1−3 ,
which implies that the distance from r1,1 to the nearest distinct integral multiple of 1/7 is at least
1/(7((p3 + 1)/2− 7 · 2a1−3)). Therefore if we assume that [r2,1, r∞,1) contains an integer, it must be
true that
R∞,1 − r2,1 + 9
49p3 + 14 
1
7((p3 + 1)/2− 7 · 2a1−3) . (8)
When we use Eqs. (4) and (5) to compute that
R∞,1 = 2
a1 (7p3(7p3 + 3) + 11) + 4p23 − 4
a1(4p3 − 7 · 2 + 4)(7p3 + 2)
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r2,1 = 9 · 2
a1 − 4+ 7 · 2a1 p3 − 4p3
2(4p3 − 7 · 2a1 + 4)
+
√
p23(49 · 4a1 + 9 · 2a1+3 − 48) + p3(30 · 2a1+3 − 96− 49 · 22a1+1) − 48+ 21 · 2a1+3 − 143 · 4a1
2(4p3 − 7 · 2a1 + 4) ,
substitute these values into (7), isolate the radical, and square both sides, we obtain the inequality
−147 · 22a1 p33 +
(−21 · 22a1+1 + 49 · 2a1 + 36)p23 + (−35 · 2a1 + 92)p3 − 61 · 2a1+1 + 4727  0.
Since all coeﬃcients of this polynomial are negative when a1  2, we get a contradiction. Thus, the
interval [r21 , r∞,1) contains no integers, and so a4 = 1 whenever a3 = 1. 
We have now proven that neither the interval [r2,1, R∞,1) nor the interval [r2,2, R∞,∞) contains
an integer. But if 2a1 · 3 · pa33 · pa44 ∈ A for some a4  2, then p4 ∈ [r2,1, R∞,1) ∪ [r2,2, R∞,∞), and so
we have a contradiction. 
Proposition 9 completes the classiﬁcation of all n ∈ A4; we have now proven that for every
(u, v) ∈ T4, all but ﬁnitely many n ∈A4 that are covered by (u, v) have the form va · u · w for some
squarefree w ∈ Z. We already knew that this is true for T3, and we suspect that it is true for TK in
general.
4. Conclusion
The open questions raised by our work fall into two main lines of inquiry. The ﬁrst line concerns
the sets TK , the exceptional elements of A that are not covered by an element of any TK , and Nicol’s
conjecture. We saw in Section 2 that to prove or disprove Nicol’s conjecture for a set AK , we need
only ﬁnd a set of pairs {(u, v)} that together cover AK and each satisfy L2(u, v) ∈ N. Now that we
have an algorithm which is capable of generating this set, we can hope to ﬁnd more eﬃcient algo-
rithms that are computationally tractable for higher values of K . In addition, we know that to prove
Nicol’s conjecture in general, it will be enough to prove that TK can always be constructed to contain
no elements of the form (2n + 1,1).
The second line of inquiry concerns the unexceptional elements of A that are covered by some
(u, v) ∈ TK . We have proven in several speciﬁc cases that if (u, v) covers n, then the largest factor
of n that is coprime to uv is squarefree. We have yet to prove when this observation holds in general.
We have also found several pairs (u, v) for which L2(u, v) ∈ N, but that do not cover any n ∈ A for
which the largest factor of n that is coprime to uv has only one or two prime factors. It is not clear
whether these (u, v) cover any n ∈ A at all, or why we have failed to ﬁnd elements of A that they
cover. The pair (3,2) remains the only (u, v) for which L2(u, v) ∈ N and v > 1 that certainly covers
an element of A, but we do not yet know whether (3,2) covers an element of AK for every K  3.
It is striking that all but one of the other (u, v) that we have found for which L2(u, v) ∈ N have the
property that 2  v , which motivates us to ask whether 2 | v whenever v > 1 and (u, v) covers some
n ∈A. This would be equivalent to proving that for every M > 0, there are only ﬁnitely many n ∈AK
for which ν2(n) < M , which would generalize Corollary 7 in an interesting way.
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Let n = pa11 pa22 pa33 pa44 , p1 < p2 < p3 < p4, and suppose that φ(n) + σ(n) = n for some  ∈ N3. If
p1  3, then by Lemma 2,
3  = φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 2
3
· 4
5
· 6
7
· 10
11
+ 3
2
· 5
4
· 7
6
· 11
10
< 2.83,
which is a contradiction. Similarly, if p2  11, then
3  = φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 1
2
· 10
11
· 12
13
· 16
17
+ 2 · 11
10
· 13
12
· 17
16
< 2.97,
which is also a contradiction. Therefore, p2 ∈ {3,5,7}. We will look at these cases separately, with
help from the following lemma:
Lemma 1. (See Luca and Sandor [1, Lemma 3.1].) Suppose that n = pa11 · · · pakk . If p
f j
i ≡ 1 mod p j , such that
f1 = 2 and fi | (pi − 1) for all odd pi , then the inequality
ai − 1
k∑
j=1
j 	=i
νpi
(
p fij − 1
)+ k∑
j=1
j 	=i
log(a j + 1)
log p j
holds for 1 i  k.
A.1. Case 1: p2 = 7
If p2 = 7 and p3  17, then
3  = φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 1
2
· 6
7
· 16
17
· 18
19
+ 2 · 7
6
· 17
16
· 19
18
< 3,
while if p2 = 7, 11 p3  13, and p4  53, we again have
3  = φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 1
2
· 6
7
· 10
11
· 52
53
+ 2 · 7
6
· 11
10
· 53
52
< 3.
We can make use of the following table, whose (p,q)th entry is the maximum value of νq(p fq −1)
when p and q are prime, to bound the ai via Lemma 8:
p = 2 p = 7 11 p 13 13 p 47
q = 2 – 4 3 6
q = 7 1 – 1 3
11 q 13 1 1 – 2
13 q 47 1 1 1 –
If we let Xi denote the best bound on ai that can be calculated using this table, then if we let
bpq denote the (p,q)th entry of our table and c1 := 2, c2 := 7, c3 := 11, and c4 := 13, we can see by
Lemma 8 that
Xi − 1=
∑
j 	=i
1 j4
bij +
∑
j 	=i
1 j4
log(X j + 1)
log c j
.
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∑
j 	=1
1 j4
bij >
∑
j 	=2
1 j4
bij >
∑
j 	=3
1 j4
bij >
∑
j 	=4
1 j4
bij,
this implies that X1 > X2 > X3 > X4. Therefore, we can write
X1 − 1 4+ 3+ 6+
(
1
log2
+ 1
log7
+ 1
log11
)
log(X1 + 1),
meaning that X1 = 21. From this information, we deduce that
a2 − 1 1+ 1+ 3+
(
1
log2
+ 1
log11
+ 1
log13
)
log(21+ 1) < 12.96,
a3 − 1 1+ 1+ 2+
(
1
log2
+ 1
log13
)
log(21+ 1) + log(a2 + 1)
log7
< 11.99,
and
a4  1+ 1+ 1+ log(21+ 1)
log2
+ log(12+ 1)
log7
+ log(11+ 1)
log11
< 9.82.
A computer search ﬁnds no 2a17a2 pa33 p
a4
4 ∈ A with 11  p3  13, 13  p4  47, a1  21, a2  12,
a3  11, and a4  9. Therefore, it is not possible that p2 = 7.
A.2. Case 2: p2 = 5
We will now address the case p2 = 5. A calculation similar to the previous one reveals that a1  21,
a2  12, a3  10, and a4  10 when p4 < 1000. A computer search then reveals only one element
of A, 556160 = 27 · 5 · 11 · 79, for which p2 = 5 and p4 < 1000. We proceed to show that it is in fact
the only n ∈A for which ω(n) = 4 and p2 = 5.
If p3  23 and p4  599, then
3  = φ(n)
n
+ σ(n)
n
<
φ(n)
n
+ n
φ(n)
 1
2
· 4
5
· 22
23
· 598
599
+ 2 · 5
4
· 23
22
· 599
598
< 3.
Since we have already checked the case p4 < 599 we can henceforth assume that p3  19. We will
now consider the cases a1  10 and a1  9 separately.
A.2.1. Case a2  10
When p3  19, a1  8, and a2  3, we know that
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 18
19
+ 2
9 − 1
28
· 5
3 + 52 + 5+ 1
53
· 20
19
> 3.
However, we also have
 = φ(n) + σ(n) < 1 · 4 · 6 · 10 + 2 · 5 · 7 · 11 < 3.53,
n n 2 5 7 11 4 6 10
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 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 6
7
+ 2
9 − 1
28
· 6
5
· 8
7
> 3.09,
which implies that p3 ∈ {11,13,17,19}. But if p3 = 19 and p4  691, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 18
19
· 690
691
+ 2 · 5
2 + 5+ 1
5
· 19
18
· 691
690
< 3.
In this way, we dispose of the case p3 = 19. But when p3  17, we can see that
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 16
17
+ 2
9 − 1
28
· 5
2 + 5+ 1
52
· 18
17
> 3,
which means that a2 = 1. This exact knowledge of a2 lets us exactly determine p3, for if p3  13 and
p4  79, we have
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 12
13
· 78
79
+ 2 · 6
5
· 13
12
· 79
78
< 3.
When a1  10 and a3  2, we know that
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 10
11
+ 2
11 − 1
210
· 6
5
· 11
2 + 11+ 1
11
> 3,
such that a3 = 1. But if p4  127, we now know that
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 10
11
· 126
127
+ 2 · 6
5
· 12
11
· 127
126
< 3,
which implies via our computer search that there is no n ∈A with ω(n) = 4, p2 = 5, and a1  10.
A.2.2. Case a2  9
If a2  9, a1  2 and p4  23, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 6
7
· 22
23
+ 2
3 − 1
22
· 5
4
· 7
6
· 23
22
< 3;
we can henceforth assume that a1  3. Furthermore, since
1
2
· 4
5
· 6
7
+ 2
4 − 1
23
· 6
5
· 8
7
= 3,
we can see that a2 = a3 = 1 if a1 = 3 and p3 = 7. If a4 > 1, then
p4 | σ
(
23 · 5 · 7)= 3pa11 pa22 pa33 pa44 − pa1−11 pa2−12 pa3−13 pa4−14 (p1 − 1)(p2 − 1)(p3 − 1)(p4 − 1),
which is impossible, since σ(23 · 5 · 7) = 24 · 32 · 5. We can now solve the equation 3 · 2a · 5 · 7 · p4 =
φ(2a · 5 · 7 · p4) + σ(2a · 5 · 7 · p4) for p4 and compute the result for a ∈ {4, . . . ,9}. Since the set of
answers contains no primes, there are no solutions of this form.
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 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 6
7
+ 2
5 − 1
24
· 6
5
· 8
7
= 3,
which is impossible. Thus, we can hereafter assume that p3  11. When p3  11, a3 = 3, and p4  41,
we now obtain
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 10
11
· 40
41
+ 2
4 − 1
23
· 5
4
· 11
10
· 41
40
< 3;
which implies that a1  4.
If p3 = 11, and a2  3, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 10
11
+ 2
5 − 1
24
· 5
3 + 52 + 5
53
· 12
11
> 3,
which implies that a2  2. Furthermore, if p3 = 11 and a3  2, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 10
11
+ 2
5 − 1
24
· 5
2 + 5
52
· 11
2 + 11
112
> 3,
which means that a3 = 1. If we now assume that a4 > 1, then p4 | σ(29 · 52 · 11); thus, p4  73. Our
computations verify that this does not happen; we conclude that a4 = 1. If a2 = 2, then we can solve
the equation
3 · 2a · 5p4 = 2a+1(p4 − 1) +
(
2a+1 − 1) · 6(p4 + 1),
for p4 to obtain
p4 = 6(2
a+1 − 1) − 2a+1
15 · 2a − 2a+1 .
After checking the possibilities that occur for 4 a 9, we conclude that there are no solutions of this
form. However, after obtaining a similar relation for a2 = 1, we ﬁnd exactly one element of A, which
is 556160. Therefore, the assertion holds for p3 = 11, and we will assume hereafter that p3  13.
If a1 = 4, p3  13 and p4  331, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 12
13
· 330
331
+ 2
5 − 1
24
· 5
4
· 13
12
· 331
330
< 3.
Our computer search reveals that there are no solutions with p3  13 and a1 = 4, we can hereafter
assume that a1  5. If a1 = 5, p3  17, and p4  257, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 16
17
· 256
257
+ 2
6 − 1
25
· 5
4
· 17
16
· 257
256
< 3;
after a computer search, we can conclude that p3 = 13 whenever a1 = 5. If we impose the additional
constraint a2  3, we now know that
 = φ(n) + σ(n) > 1 · 4 · 12 + 2
6 − 1
5
· 5
3 + 52 + 5+ 1
3
· 14 > 3.01,
n n 2 5 13 2 5 13
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 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 12
13
· 36
37
+ 2
6 − 1
25
· 5
4
· 13
12
· 37
36
< 2.99,
which implies after a computation that a2 = 2. But if we now assume that a3  2, we get the contra-
diction
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 12
13
+ 2
6 − 1
25
· 5
2 + 5+ 1
52
· 13
2 + 13+ 1
13
> 3.01.
If a4 > 1, we now know that p4 | σ(29 · 52 · 13), and as before, we can bound p4 and show that
there are no solutions of this form. Therefore, a4 = 1. It is now straightforward to solve the equation
ln = φ(n) + σ(n) for p4 in terms of a1 and determine that there are no solutions of this form either.
We can now assume that a1  6. If we suppose that p3  17 and a2  4, we now get the following
contradiction:
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 16
17
+ 2
7 − 1
26
· 5
4 + 53 + 52 + 5+ 1
54
· 18
17
> 3.
If a2 = 1 and p4  71, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 12
13
· 70
71
+ 2
10 − 1
29
· 6
5
· 13
12
· 71
70
< 3;
we conclude that 2 a2  3. In addition, since
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 12
13
+ 2
7 − 1
26
· 5
2 + 5+ 1
52
· 14
13
> 3.01,
we can now eliminate the case p3 = 13 entirely.
If a2 = 3 and a3  2, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 16
17
+ 2
7 − 1
26
· 5
3 + 52 + 5+ 1
53
· 17
2 + 17+ 1
172
> 3.
Thus, if a4 > 2, then p4 | σ(29 · 53 · 17), which as usual allows us to bound p4, eliminate solutions of
this form, and conclude that a4 = 1. We can now solve the equation 3n = φ(n) + σ(n) algebraically
for p4 and eliminate the case a2 = 3. But when a2 = 2, a1 = 6, and p4  251, we have the contradic-
tion
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 16
17
· 250
251
+ 2
7 − 1
26
· 5
2 + 5+ 1
52
· 17
16
· 251
250
< 3.
When a1 = 6, p3 = 19, and p4  809, we have another contradiction:
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 18
19
· 808
809
+ 2
7 − 1
26
· 5
4
· 19
18
· 809
808
< 3.
Therefore, we can assume that a1  7. We already know that a2  2, and that equality holds whenever
p3 = 17. In particular, when p3 = 17 and a3  2, we now have
 = φ(n) + σ(n) > 1 · 4 · 16 + 2
8 − 1
7
· 5
2 + 5+ 1
2
· 17
2 + 17+ 1
2
> 3.n n 2 5 17 2 5 17
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computation.
When p3 = 19 and a2  5, we now have that
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 18
19
+ 2
8 − 1
27
· 5
5 + 54 + 53 + 52 + 5+ 1
55
· 20
18
> 3,
which implies that a2  4. But if a2  2 and p4  389, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 4
5
· 18
19
· 388
389
+ 2
10 − 1
29
· 5
2 + 5+ 1
52
· 19
18
· 389
388
< 3.
Thus, a2  3. If, in addition, a3  2, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 4
5
· 18
19
+ 2
8 − 1
27
· 5
3 + 52 + 5+ 1
53
· 19
2 + 19+ 1
192
> 3.
As usual, we can now consider the cases a4 = 1 and a4 > 1 separately; we ﬁnd that there are no
solutions of either form. Therefore, 556160 is the only n ∈A for which ω(n) = 4 and p2 = 5.
A.3. Case 3: p2 = 3
Since
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 6
7
+ 2
1
· 3
2
· 5
4
· 7
6
< 4.61,
this case admits solutions to the equations 3n = φ(n) + σ(n) and 4n = φ(n) + σ(n). We will look for
these two types of solutions separately.
A.3.1. Case  = 4
If p3  11, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 10
11
· 12
13
+ 2 · 3
2
· 11
10
· 13
12
< 3.86,
which implies that p3  7. If p3 = 7 and p4  17, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 6
7
· 16
17
+ 2 · 3
2
· 7
6
· 17
16
< 3.99;
we can verify by computer that there are no solutions of this form, meaning that p3 = 5.
When a1  6 and p4  277, we observe that
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 276
277
+ 2
7 − 1
26
· 3
2
· 5
4
· 277
276
< 4.
A computer check now shows that the only solutions with a1  6 are 59400 = 23 ·33 ·53 ·11, 23760=
24 · 33 · 5 · 11, and 4563000 = 23 · 33 · 53 · 132. Thus, we can hereafter assume that a1  7.
If a2  3 and p4  127, then since
 = φ(n) + σ(n) < 1 · 2 · 4 · 126 + 2 · 3
4 − 1
3
· 5 · 127 < 4,n n 2 3 5 127 2 · 3 4 126
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look only for n with a2  4. In addition, if a3  2 and p4  263, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 262
263
+ 2 · 3
2
· 5
2 + 5+ 1
52
· 263
262
< 4,
which means that a3  3 for all n that we have not found already.
If a2 = 4, a3 = 3, and p4  733, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 732
733
+ 2 · 3
2
· (5
4 − 1)
4 · 53 ·
733
732
< 4,
and we can verify that A contains no n of this form. But if a2  5 and a1  9, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 4
5
+ 2
10 − 1
29
· 3
6 − 1
2 · 35 ·
54 − 1
4 · 53 > 4, (1)
while if a3  4 and a1  16, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 4
5
+ 2
17 − 1
216
· 3
5 − 1
2 · 34 ·
55 − 1
4 · 54 > 4
as well. Therefore, we can now assume that 7  a1  15. When a1  11 and a3  5, we know that
a2 = 4 (by (1)) and get the contradiction
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 4
5
+ 2
12 − 1
211
· 3
5 − 1
2 · 34 ·
56 − 1
4 · 55 > 4,
meaning that a3 ∈ {3,4}. But if p4  198543, this implies that
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 198542
198543
+ 2 · 3
5 − 1
34 · 2 ·
(54 − 1)
4 · 53 ·
198543
198542
< 4.
Since 198543 > 6000, we must run another computer check to ensure that we ﬁnd all possible
solutions for which a1  11. Since ν3(p24 − 1)  11 whenever p4 < 198543, we need only check
the exponent ranges 11  a1  15, 4  a2  11, and 3  a3  4. In addition, since all factors of
(2a1 − 1)(3a2 − 1)(5a3 − 1) for these a1,a2,a3 are less than 6000, we will not ﬁnd a new element
of A for which p4 | σ(n), which happens whenever a4  2. Therefore, we can assume that a4 = 1. Our
check reveals no elements of n; we can henceforth assume that a1  10.
When a1 ∈ {9,10} we still have a2 = 4. Thus, when p4  5897,
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 5896
5897
+ 2 · 3
5 − 1
2 · 34 ·
5
4
· 5897
5896
< 4,
and so our initial computation implies that the a1 ∈ {9,10} case does not occur.
To ﬁnish our search for  = 4 elements of A, we will ﬁrst deal with the case a1 = 8. When a1 = 8
and a2  6, we get the contradiction
 = φ(n) + σ(n) > 1 · 2 · 4 + 2
9 − 1
8
· 3
7 − 1
6
· 5
4 − 1
3
> 4,n n 2 3 5 2 2 · 3 4 · 5
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 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 4
5
+ 2
9 − 1
28
· 3
5 − 1
2 · 34 ·
55 − 1
4 · 54 > 4.
Thus, if a1 = 8, then a2 = 5 and a3 = 3. If we now suppose that p4  1973, then since
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 1972
1973
+ 2 · 3
6 − 1
35 · 2 ·
(54 − 1)
4 · 53 ·
1973
1972
< 4,
we can eliminate the case a1 = 8 after a computer check.
If a1 = 7 and a2  7, then
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 4
5
+ 2
8 − 1
27
· 3
8 − 1
2 · 37 ·
55 − 1
4 · 54 > 4,
meaning that a2 ∈ {5,6}. When a3  4 and p4  3923, we have
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 3922
3923
+ 2 · 3
7 − 1
36 · 2 ·
(55 − 1)
4 · 54 ·
3923
3922
< 4;
after a computer check, we can conclude that a3  5, which implies in turn that a2 = 5, since
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 4
5
+ 2
8 − 1
27
· 3
7 − 1
2 · 36 ·
56 − 1
4 · 55 > 4.
Now, when p4  1117, we can see that
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 1116
1117
+ 2 · 3
6 − 1
35 · 2 ·
5
4
· 1117
1116
< 4,
which means that we have found all n ∈A for which ω(n) = 4 and  = 4.
A.3.2. Case  = 3
Since
1
2
· 2
3
+ 2 · 4
3
= 3,
Lemma 2 does not help us bound either unknown prime or any unknown exponent of 2a1 · 3 · pa33 ·
pa44 ∈A. Therefore, we will assume that a2  2 for the remainder of this section. Since
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
+ 2
4 − 1
23
· 3
3 − 1
2 · 32 > 3.04,
we can see that a1  2. If we further assume that a1 = 1, p3  7, and p4  29, then since
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 6
7
· 28
29
+ 2
2 − 1
2
· 3
2
· 7
6
· 29
28
< 3,
we can verify that p3 = 5 whenever a2  2 and a1 = 1. Since
 = φ(n) + σ(n) > 1 · 2 · 4 + 2
2 − 1 · 3
4 − 1
3
· 5
3 − 1
2
> 3.02,n n 2 3 5 2 2 · 3 5
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 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 78
79
+ 2
2 − 1
2
· 3
2
· 6
5
· 79
78
< 3,
and we can verify by computer that the a3 = 1 case does not occur. But if a2 = 2 and p4  19, then
we get the contradiction
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 4
5
· 18
19
+ 2
2 − 1
2
· 3
3 − 1
32 · 2 ·
5
4
· 19
18
< 3,
and so we can assume after a computation that a1 = 2. If we now suppose that p3  59 and
p4  1153, we get the following contradiction:
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 58
59
· 1152
1153
+ 2
3 − 1
22
· 3
2
· 59
58
· 1153
1154
< 3.
Thus, we can assume after a computer check that p3  53. Since
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 52
53
+ 2
3 − 1
22
· 3
7 − 1
2 · 36 ·
54
53
> 3,
this implies that a2  5. When p3 = 53 and p4  2053 we compute that
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 52
53
· 2052
2053
+ 2
3 − 1
22
· 3
6 − 1
35 · 2 ·
53
52
· 2053
2052
< 3,
and verify that in fact, p3  47. Since
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 46
47
+ 2
3 − 1
22
· 3
6 − 1
2 · 35 ·
48
47
> 3,
we deduce in turn that a2  4. When p3 = 47 and p4  863, we now know that
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 46
47
· 862
863
+ 2
3 − 1
22
· 3
5 − 1
34 · 2 ·
47
46
· 863
862
< 3,
and we compute that p3  43. We can now see that
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 42
43
+ 2
3 − 1
22
· 3
5 − 1
2 · 34 ·
44
43
> 3,
and deduce that a2  3. Because
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 36
37
· 210
211
+ 2
3 − 1
22
· 3
4 − 1
33 · 2 ·
37
36
· 211
210
< 3,
we can also deduce that p3  31. Since
 = φ(n) + σ(n) > 1 · 2 · 28 + 2
3 − 1
2
· 3
4 − 1
3
· 29 > 3,
n n 2 3 29 2 2 · 3 28
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 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 30
31
+ 2
3 − 1
22
· 3
4 − 1
2 · 33 ·
313 − 1
31 · 30 > 3,
we know that this can only happen when a3 = 1. If we suppose in addition that p4  1973, then
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 30
31
· 1972
1973
+ 2
3 − 1
22
· 3
4 − 1
33 · 2 ·
32
31
· 1973
1972
< 3,
and so we can assume after a computation that a2 = 2. Since
 = φ(n)
n
+ σ(n)
n
>
1
2
· 2
3
· 12
13
+ 2
3 − 1
22
· 3
3 − 1
2 · 32 ·
14
13
> 3.02,
we can see that 17 p3  31. Finally, since
 = φ(n)
n
+ σ(n)
n
<
1
2
· 2
3
· 16
17
· 4648
4649
+ 2
3 − 1
22
· 3
3 − 1
32 · 2 ·
17
16
· 4649
4648
< 3,
we claim that p4  4643, and compute that 147492 = 22 ·32 ·17 ·241 and 23336172 = 22 ·32 ·172 ·2243
are the only n ∈A for which ω(n) = 4, p2 = 3,  = 3, and a2  2.
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